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L1 cam doan

Toi xin cam doan dé tai luan vin "Vé dinh ly Ritt déi véi khong
diém ctia da thitc mi" khong c6 su sao chép ciia ngudi khac. Khi viét
luan van toi c6 tham khao mot so tai lieu, tat ca déu c6 nguon goc ro rang
va duge hoan thanh duéi sy huéng dan ctia PGS. TSKH Tran Van Tan. Toi

xin hoan toan chiu trach nhiém vé noi dung luan vin nay.

Thair Nguyén, thang 6 nam 2020

Tac gia luan van

Tran Thi Thu
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LGi cam on

Tru6e khi trinh bay noi dung chinh ctia luan van, t6i xin gui 16i cdm on
chan thanh nhat t6i PGS. TSKH Tran Van Tan. Thay da danh nhiéu thoi
gian, cong sitc dé huéng dan, tra 16i nhing thic mac va gitp dé t6i hoan
thanh bai luan van nay.

Toi xin dude gii 10i cAm on chan thanh téi bd, me va cac thanh vien
trong gia dinh da luon dong vien, ing ho toi trong sudt thoi gian qua.

T6i cling xin dugce gii 10i cAm on dén cac thay co gido trong truong Dai
hoc Su Pham Thai Nguyén da luén nhiét tinh giang day va gitup dé toi trong
suot qua trinh hoc tap, nghién citu, da tao diéu kién thuan loi, giap dé toi
hoan thanh chuong trinh hoc va bao vé luan van.

Ban than to6i trong sudt qua trinh hoc tap va nghién ctu da c6 nhiéu cb
gang, tuy nhién nhiing thiéu so6t chic chan khoé tranh duge. Toi rat mong

ducc thay co va cac ban doc chi cho nhitng thiéu so6t do.

Thai Nguyén, thang 6 nam 2020

Hoc vién

Tran Thi Thu
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LOI MG DAU

Li do chon dé tai: Nam 1929, Ritt dat dugc két qua thu vi vé cidc khong
diém ctia ham da thic mit: Cho P(z) va Q(2) 1a hai da thtic (khac khong)

Q(e?)
R(z) v6i he s6 phiic sao cho P(e*) = Q(e*)R(e?). Dinh Ii trén da 1a nguon

14 mot ham nguyen. Khi d6 ton tai da thic

v6i hé s6 phiic sao cho

cam hting cho nhiéu nha toan hoc sau nay thiét lap cac két qua tuong tu,
Vv6i cac cach tiép can khac nhau. V6i muc dich tim hiéu vé chi dé nay, chiing
toi chon dé tai “Vé dinh 1i Ritt d6i v6i khong diém ctia ham da thitc mi”.

Muc dich nghién cttu: Tim hiéu va trinh bay lai mot cach chi tiét, he
thong két qua co dién vé cac khong diém ctia ham da thic mi dat dude béi
Ritt [2] nam 1929 va mot md rong dat duge gan day theo mot cach tiép can
khac béi Ji Guo [1].

D6i tugng nghién ctu: Ham phan hinh trén mat phing phiic.

Phuong phap nghién citu: Cac phuong phap truyen thong cia Giai tich

phtic, Ung dung ctia Li thuyét Nevanlinna déi v6i 4nh xa chinh hinh.



Chuong 1

DINH LY RITT CO DIEN

Cho mot ham da thic ma
ape™ + ... + ae’m* (1.1)

v6i cac he s6 hang ao, ..., a,, va cic a, ..., o, doi mot phan biét. Sy phan
b6 cac khong diem clia cadc ham nhu vay, vi cadc ham tong quéat hon véi
cac hé s6 1a cac da thic bién 2 da duge nghién citu bdi Tamarkin, Polya va
Schwenglert. Trong chuong nay ching toi trinh bay lai hai két qua sau clia
Ritt [3].

- Néu moéi khong diém ctia mot da thiic mii cling 1a khong diém ciia mot
da thitc mai tht hai, thi thuong ctia ching la mot da thitc mi.

- Xét ham

a1z A 2
14+ ae™ + ... +a,e™™,

v6i cac so thuce aq, ..., qy, thoa man 0 < a; < ... < a,,. V6i mot dai ndm
ngang bat ky trong mit phang phiic, ta tinh tong ctia cac phan thuc clia
cac khong diém ctia da thic mil trong dai, v6i phan ao bi chian. Két qua
nay c6 thé coi 1a tuong tng véi dinh 1y noi ring tich clia cac khong diém

cia 1 4+ a1e™® + ... + ape® 1a (=1)"/ayy,.



1.1 Dinh ly vé thuong hai da thic mi

Dinh Iy 1.1. Cho

A(z) = ape™® + ... + ape™™*,  B(z) = boe™* + ... + b,e? (1.2)

A(z)

Gid st rang B(z) Z 0, va B(2)

la mot ham nguyén. Khi dé, ton tai mot

ham
C(z) = cpe™* + ... 4+ ¢cpe™®
sao cho A(z) = B(z)C(z2).

Trudc hét ta mo td van tat lai mot két qud ctia Tamarkin, Poélya va
Schwenglert. Biéu dién cac o; trong mit phang phiic, va goi 2 1a da giac 16i
nhoé nhat chita ching. N6 gitp ching ta thu duge tinh duy nhat trong phan
tich 6 Bo deé 1.1,

Gia st cac canh cua 2 dude xac dinh béi
01,...,0].

Xét d;, (i = 1,...,1) 1a tia ddi xiing qua truc thyc v6i mot tia vuong goc
véi 0; ra phia ngoai 2. Cac tac gia trén da chiing minh ring ton tai [ nia
dai song song c¢6 huéng d; (i = 1,...,1) ma ching chita tat ca cac khong
diém ctia A. Néu s; 1a do dai cta oy, sd cac khong diem c6 mo-dun nhoé hon
r va nam trong nita dai song song véi d; 1a tuong duong véi rs;/(27) (khi r
tién ra o).

Bay gio ta xét da gidc 16i B tuong tng v6i B(z). Vi méi khong diém ciia
B ciing 13 mot khong diém ctia A nén 16 rang, tit cong thiic tiem can cho s6
khong diém trong mot nita dai, méi canh 7 ctia B song song v4i mot canh

nao do cua A va do dai canh cta 8 khong bé hon do dai canh tuong tng
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cua 2, va hai huéng vuéng goc v6i hai canh néi trén ra phia ngoai da giac
tuong ung la trung nhau.

Gia st rang ag, ..., ap, trong (1.1) duge sdp xép dé phan thyc ting dan,
trong truong hop phan thiic bang nhau thi ta xét tiép t6i sy ting dan cia
phan 4o. Khi cac ay, ..., a;, 1a cac s6 thyc khong am va a,, # 0, ching ta sé

goi ay,, 1a bac ctia ham (1.1).

Bo dé 1.1. Gid st A(2), va B(z) 2 0 la hai da thitc mi vdi cdc s6 mi

thuc khong am. Khi do, ta cé thé biéu dién
A=QB+ R, (1.3)

d dé QQ va R la hai da thic mi vdi cic s6 mi thuc khong am, va R hodc

dong nhat 0 hodc la mot da thic cé bac nhé hon bac cia B.

Chitng minh. Néu trong (1.2) ta ¢6 a,, < (5,, thi ta ¢6 ngay (1.3) véi Q =
0, R = A. Do do, bay gio ta xét truong hop o, > B,.
Goi ayy, ..., Qi 12 taAp tat cd cac sd a; khong bé hon f,. Xét da thic

mu

(Qme®™* + ... 4 Gy jeOmi?)

b, ebnz

C=A- B, (1.4)

§ do, cac s6 mit déu khong am.

Néu B chi gom mot hang t. Khi d6 C hoac bang 0, hoac c6 bac nhd
hon B, va ta c6 biéu difn A = QB+ R v6i R = C va @Q la phan thiic trong
vé phéi ctia (1.4), tic la:

(ame™™* + ... 4 ap_je®m=i?)

b,,ebn 2

Q=

Bay gio, gia st B ¢6 it nhat hai hang tit. Néu C khac 0, khi d6, bac cla
C' nh6 hon f,, hodc bang a,, — (5, — Br—1). Néu C bang 0, hodc ¢6 bac nho
hon 3, tit (1.4) ta dat dugc ngay biéu dién A = QB + R. V6i trudng hop
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con lai, ta nhan chéo va chuyén vé trong biéu thitc (1.4) va nhan duge (1.3).
Tiép tuc qué trinh trén, do 5, — B,—1 1& mot dai luong c¢6 dinh, sau hitu han

buée ta sé nhan duge (1.3). O

Tit cong thitc xap xi s6 khong diém trén mdi nita dai song song (ting vdi
canh ctia da gidc bao tuyén tinh clia tap cac s6 mil), ta c6 biéu dién trong
(1.3) 1a duy nhat.

Chitng minh Dinh 1y 1.1. Gia st rang A # 0. Nhém cac s6 hang ctia A

c6 cac sO mil c¢6 phan thuc gidéng nhau, ta viét

A= Pe"* + ...+ Pje"”, (1.5)
G do uq, ..., u; 1a cac sd thue, tdng dan theo céac chi s6 va Py, ..., Pj ¢6 dang
g1 4 L+ gpe, (1.6)

véi cac 86 thuc vy, ...,v; tdng dan theo céc chi s6. Vi khong lam thay doi
cac khong diém ctia A va khoéng anh huéng dén tinh chia hét ma ta dang
nghién citu, sau khi nhan A véi mot ham mi, ta gid st 1a u; va sd6 v nhd

nhat trong P; déu bang 0. Tuong tu, gia su
B = Qe + ... + Qpe"", (1.7)

v6i cac dieu kien tuong tu nhu déi véi A. Dai luong u; la hiéu gita hoanh
do clia diém ngoai cling bén phai va diém ngoai cling bén trai ctia . Vi
modi canh ciia B tuong ing véi mot canh ciia 2 it nhat vé chiéu dai va co
cung hudng nén ro rang u; > wy,.

Néu B chi c6 mot hang t1, ta c6 ngay két qua dinh li. Bay gio ta gia sit
B chita it nhat hai hang t1, ttc 1a, trong (1.7), ta c6 h > 2,Q1,Qy Z 0.
Dat uj, ..., uj_,, trong d6 mdi u déu vugt qua u; — (wp —wp_1). Ta sé ching

minh rang thuong cta P, ..., Pj_, v6i Q) 1a da thic mi ¢6 dang (1.6).
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